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Prediction of multicomponent adsorption equilibria has been investigated for several decades. While there are theories
available to predict the adsorption behavior of ideal mixtures, there are few purely predictive theories to account for
nonidealities in real systems. Most models available for dealing with nonidealities contain interaction parameters that
must be obtained through correlation with binary-mixture data. However, as the number of components in a system
grows, the number of parameters needed to be obtained increases exponentially. Here, a generalized procedure is pro-
posed, as an extension of the predictive real adsorbed solution theory, for determining the parameters of any activity
model, for any number of components, without correlation. This procedure is then combined with the adsorbed solution
theory to predict the adsorption behavior of mixtures. As this method can be applied to any isotherm model and any
activity model, it is referred to as the generalized predictive adsorbed solution theory. © 2015 American Institute of
Chemical Engineers AIChE J, 61: 2600-2610, 2015
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One of the most well-known multicomponent adsorption
theories is the adsorbed solution theory (AST) proposed by
Myers and Prausnitz and shown below in Egs. 1 through 6.'

Introduction

Adsorption isothermal equilibrium has been the corner-
stone of adsorption modeling and separation process design

for decades. For simple, single-component systems, it is gen- n
erally sufficient to represent adsorption equilibria in terms of I = A _ Jq_i dp° 0
a series of isotherms. This type of data describes the equilib- RT Pyt

0
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This theory was derived from the Gibbs thermodynamic
expression for physical adsorption and assumes that the adsorb-
ent is thermodynamically inert and contains a specific surface
area (A) that is shared by all adsorbates. Intensive properties of
the system are temperature (1), spreading pressure (m), and
adsorbed phase composition (x;, x;, . . ., Xy) while the extensive
property of the mixture is the total surface loading (qT).1

rium partition between the gas and solid phases at a constant "

temperature. A series of isotherms, each at a different tem- Pry: = pixi); @
perature, would then allow for interpolation of the adsorption N N ol -1

equilibrium behavior expected at any temperature and pres- l< v ’) 3)
sure that falls within that applicable temperature range. In T.x

real separation processes, however, there are multiple gas N

species involved. Therefore, one needs to be capable of pre- Z x =1 4)
dicting how each species would behave and interact with P

other species and the adsorbent surface. To accomplish this

feat, proposed here is a procedure, which can be utilized in

the prediction of multicomponent adsorption equilibria for

any number of gas species. The aim is to provide a theory

that is general enough to allow other scientists and engineers

to extend the basic ideas developed in this work by simply

applying different isotherm and activity models.
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For any given mixture, the surface energy per unit area
(i.e., spreading pressure) must be a constant. Therefore, it is
often lumped into a combined spreading pressure term (1)
for convenience. Additionally, as this term is constant for
the mixture, each pure species isotherm integral (Eq. 1) must
evaluate to the same value, which places a constraint in the
system of equations. To obtain the pure species (i.e., refer-
ence state) pressure (p¢), Raoult’s Law is applied between
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the gas and solid phases (Eq. 2), which couples the activity
(y;) and adsorbed mole fraction (x;) to the gas phase partial
pressure (PTy,-).1

The primary advantage of AST was that it allowed for the
prediction of the mixed gas adsorption equilibria for any
pure gas isotherm, ¢¢ =f (p?). Furthermore, if the adsorbed
phase was assumed to behave like an ideal solution, then the
activity coefficients for each species would be equal to one
(y; =1, for all 7). This simplification made the system of
equations solvable and could then be used to predict adsorp-
tion equilibria for any number of components ().

Unfortunately, the assumption of ideality in the adsorbed
phase has been shown to produce fairly large errors, when
the model is compared against experimental data.>~* Largely,
these errors are attributed to the activity coefficients, though
other explanations suggest they may stem from surface het-
erogeneity of the adsorbents.*” Either way, it has become
common practice to propose various activity models to
account for the nonideality of real-mixed gas systems. Some
models that have been utilized include the Flory-Huggins®
and Wilson’ equations, as well as the UNIQUAC&9 and
UNIFAC'® models. However, all these models lack a rela-
tionship between the spreading pressure (m) and activity
coefficient (y;) as Eq. 3 above requires.

In order for an activity model to be considered thermody-
namically consistent, it must abide by three criteria®’
detailed below in Eqs. 7 through 9

lim y; =1 7
limy, =1 ®)
—0

lim 7; = 37° )

Equation 7 states that the activity of a particular compo-
nent must become unity, when the adsorbed mole fraction
(x;) of that component approaches one. In addition, the activ-
ity must also approach unity as the spreading pressure
approaches zero. When the mole fraction of a component
approaches zero in the adsorbed phase, then there is some
infinite dilution activity (y7°) attained,'' which usually dis-
plays a negative deviation from Raoult’s Law.’

Unlike the other activity models mentioned above, the
spreading pressure dependent (SPD) model proposed by Talu
and Zwiebel® and shown below in Egs. 10 through 14, does
abide by the thermodynamic criteria in Eqgs. 7 through 9

N N 0:t;i
Iny; =s;|1—1In (ZFI ijj,-> _Z‘le Nlile (10)
Zk:l )

0 = —rt 11
D5
z(e-i—ei[)
Tjj = exp {— 7£RT ] (12)
yAYS
eji = /eiie;i (1= ;) (14)

This model was developed as an adaptation of the UNI-
QUAC activity model, and included lateral interaction poten-
tials (e;;) that were related to surface coverage through the
difference between the isosteric heat of adsorption (Qf') at
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the spreading pressure of the mixture and the isosteric heat
of adsorption at zero spreading pressure (Q',). A quick veri-
fication of the SPD model’s adherence to Eq. 8 can be
shown by recognizing that when the spreading pressure is
zero, the interaction potentials all become zero, which in
turn causes all the Boltzmann weighting factors (t;;) to equal
one. By substituting this information into Eq. 10, it can be
shown that the activity coefficients will always evaluate to
unity for zero-spreading pressure. A similar analysis can be
performed to verify the SPD model’s adherence to Eqs. 7
and 9 as well.

Though the SPD model does stay consistent with the crite-
ria outlined in Eqgs. 7 through 9 above, it still contains multi-
ple adjustable parameters, including molecular shape factors
(s;) and a cross-lateral correction parameter (f;). In that
case, an N component mixture will contain a total of
N + N(N—1)/2 adjustable parameters, which must be deter-
mined through binary adsorption experiments.’ Additionally,
as it is impossible to run any adsorption experiments at a
constant spreading pressure, it can be extraordinarily difficult
to accurately quantify the activities of each species.” This
drives the need to develop a purely predictive approach to
estimating the parameters of the activity model.

In 1998, Sakuth et al. had proposed an extension of AST,
called predictive real adsorbed solution theory (PRAST), that
intended to estimate the binary interaction parameters of an
activity model by looking at the limiting behavior of each
component’s pure isotherm and using that information to cal-
culate the infinite dilution activities.'' As a result, each of
the pure-component isotherms must obey Henry’s Law at
low pressure (Eq. 15), which is a thermodynamic expectation
for gas adsorption.” The infinite dilution activities for each
component can then be evaluated from Eq. 16 and combined
with the activity model to set up a system of equations in
which the adjustable parameters of the model can be explic-
itly solved for."'

. q
pll"lTop_% = He; (15)
‘ q; (m))
() = —"—— (16)
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However, this formulation is only valid for a binary mix-
ture because it must be assumed that the adsorbed mole frac-
tion of the other species becomes one (x;=1) as the mole
fraction of the first becomes zero (x;=0). Additionally,
PRAST requires that the activity model itself only have two
adjustable parameters for a binary mixture, such as UNI-
QUAQ, in order for the equations to be solvable. Therefore,
PRAST would not be applicable for use with SPD because
SPD has three adjustable parameters and PRAST only for-
mulates two equations, one for each component.

In an attempt to expand on and overcome the limitations
of PRAST, there is a need to modify the SPD model, such
that the binary interaction parameters of that model can be
determined through the system of equations developed in
PRAST. However, modification of SPD alone will not suf-
fice in creating a generalized multicomponent adsorption
theory. PRAST itself must also be extended to allow equili-
bria predictions of mixtures that contain more than just two
adsorbable components.

The proposed extension to PRAST is geared toward outlin-
ing how one can systematically determine the infinite dilution
activities for an N-component mixture, thus, generalizing the
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PRAST system into what will be referred to as the generalized
predictive adsorbed solution theory (GPAST). Additionally,
the lateral interaction potentials of the SPD model will be
redefined to allow the model to fit within the GPAST
procedure without altering the significance or behavior of the
model itself. This reformulated SPD model will be called the
modified spreading pressure dependent (MSPD) model. Appli-
cation of these models and theories will be performed in a
computer code developed in C/C+ + for the purpose of single
component data analysis and multicomponent adsorption pre-
dictions. A series of adsorption data from literature will serve
as a test case for GPAST. GPAST will then be compared
against ideal adsorbed solution theory (IAST) under the same
conditions with the intent to demonstrate a significant
improvement in predictive capabilities.

Generalized Predictive Adsorbed Solution Theory

In many semipredictive approaches to multicomponent
adsorption equilibria, it is common practice to calibrate an
activity model for an N-component system using binary
adsorption data from each unique pair of species in that sys-
tem.>”®!2 The calibrated parameters of those activity mod-
els are then used for the prediction of the ternary and higher
systems. However, this calibration approach, based on exper-
imental measurements, is problematic for two main reasons:
(i) there is an exponential increase in the number of binary
experiments required for calibration as the number of species
in a system increases and (ii) it is impossible to carry out
adsorption under constant spreading pressure and therefore
very difficult to accurately measure the activity of each spe-
cies in the adsorbed phase.’

The principal idea governing GPAST is to predict the
parameters of the activity model, without experiments, using
each unique binary pair of species within the overall system.
By looking at each species pair-wise, as opposed to alto-
gether, the PRAST estimate of the infinite dilution activity
(Eq. 16) can be used directly and applied serially to each
unique pair. This is now possible because, for a given binary
pair, the adsorbed mole fraction of species j will approach
unity (x;=1) as the adsorbed mole fraction of species i
approaches zero (x; = 0).

To visualize this concept, consider a system that has three
adsorbable species: A, B, and C. In this system, there are
three unique binary pairs whose infinite dilution activities
must be determined: A + B, A + C, and B + C. Note that the
reverse of these pairings (i.e., B+ A, C +A, and C+ B) is
not considered because they are not unique. The infinite dilu-
tion activities are determined by Eq. 16 for each species in a
pair, such that each pair results in two infinite dilution activ-
ities: Y3 (g) & PR (ma), Y8 (ma) & Y& (ma), and Y (nc) &
7& (mg). When this idea is extended to an N-component sys-
tem, the number of unique pairs to that system becomes
N(N—1)/2 and the number of infinite dilution activities to
determine is N(N—1).

From here, GPAST becomes a combinatorial and serial
application of the PRAST system. Recall that in the PRAST
method, a system of equations involving the activity model
and the calculated infinite dilution activities is set up to
solve for the parameters of the activity model for that binary
system.11 This same procedure is used in GPAST, but is
applied sequentially over each binary set within the overall
system, such that all of the activity model parameters for
each pair of species can be determined.
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To demonstrate this concept, consider Eqs. 10 and 11
from the SPD model to be the activity model chosen to
describe the nonideal behavior at the surface of the adsorb-
ent. To simplify this example, it will be assumed that the
molecular shape factors (s;) can be independently determined
based on the adsorbing molecule size characteristics and that
the only model parameters to be determined are the Boltz-
mann weighting factors: t;; and 7;. Then, continuing from
the previous ternary example, a system of equations for each
binary pair can be formulated as shown below in Eqgs. 17-22

xlim(J (Iny,) = Iny (ng) = sa(1—Intga —7aB) a7n
.x/;—»l
lim (Inyg) = Inyy’(mwa) = sp(1—Intag —7TpA) (18)

xg — 0
xa — 1

lim0 (Iny,) = Iy (nc) = sa(1—Intca—7ac) (19)
xc — 1

1im0 (Inyc) = Iny& (ma) = sc(1—Intac—7caA) (20)
xc —
xa — 1

xliglo (Inyg) = Inyg (nc) = sg(1—Intcg —pC) 20
xe — 1

Yl‘im0 (Inyc) = InyE (ng) = sc(1—Intgc—1cB) (22)

xg — 1

As the infinite dilution activities have already been calcu-
lated by Eq. 16, and the shape factors are independently
determined, these equations represent a uniquely solvable,
nonlinear system of six equations and six unknowns. Each tj;
determined from these equations is then used back in the
original activity model to represent the nonideality that
occurs at the surface for the ternary system. From this point
on, the standard AST system of equations (Egs. 1-6) can be
used to predict the adsorbed amounts in the system under
various conditions of temperature and pressure, using the
activity model with the parameters (t;) calculated from
GPAST.

It is important to note that GPAST is essentially a direct
extension of the PRAST method with the purpose of gener-
alizing the approach to be applicable to systems containing
more than two adsorbable species. As such, if the number
of adsorbable species in a system is only two, then GPAST
is exactly the same as PRAST. However, GPAST has a
clear advantage over PRAST in its ability to go beyond
just a binary system and instead consider an N-component
system.

Modified Spreading Pressure Dependency

It was shown previously that the SPD activity model pro-
posed by Talu and Zwiebel® abides by the three thermody-
namic criteria outline in Egs. 7—9, which makes it a viable
model to use for gas-solid adsorption. However, this model
contains a set of three parameters (s;, s;, and ﬁ,j) for each
binary pair of adsorbing molecules (i and j). Note that the
Bij= Pji so that it only counts as one parameter instead of
two. Therefore, the SPD model does not fit within the
GPAST system because GPAST, like PRAST, requires that
there be two parameters per binary pair in order for the
resulting system of equations to be solvable.

Much like in the GPAST example considered previously,
the SPD model can be initially modified by assuming the
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shape factors are not model parameters, but instead are val-
ues which can be determined independently based on the
characteristics of the adsorbing molecules. Bondi,13 Abrams
and Prausnitz,® and Vera et al.'* proposed several methodol-
ogies for determining the shape factor of a molecule based
on the van der Waals volume (v;) of that molecule and the
lattice coordination number (z), which is typically taken to
be a constant. For simple, nonaromatic molecules, the shape
factor (s;) can be calculated simply from Eq. 23. Note that
v’ is a constant that depends on the chosen coordination
number. For a coordination number of 10, v’ = 18.92 cm?/
mole. Other values of v’ for various coordination numbers
are tabulated in Vera et al.'*

niz=2) 2 (23)

Voz z

S; =

This relationship, or another similar method, may be used
to eliminate the shape factors as parameters of the SPD
model leaving f; as the only adjustable parameter. However,
the GPAST system under these conditions still remains
unsolvable because it needs the activity model to have
exactly two parameters per binary pair. By having only one
model parameter per binary pair, the system of equations is
not uniquely solvable as there may be many values of that
parameter that could minimize the residuals of the system,
but not eliminate those residuals. Therefore, the SPD model
must be further modified to fit into the GPAST system.

In the original SPD model, the f; parameter shows up in
the equation for the lateral interaction potentials (e;)
between molecules i and j (Eq. 14) and serves as a correc-
tion parameter for the geometric averaging of each mole-
cules’ interaction potential with itself (e;). However, this
simple geometric average is only valid if both e; and e
have the same sign, positive or negative. This may not nec-
essarily be the case as each adsorbing molecule is likely to
have different energy characteristics with the surface loading
and spreading pressure.

To correct this issue, a shifted geometric mean should be
used for the lateral interaction potentials to eliminate the pos-
sible advent of imaginary numbers. In this type of averaging,
the values being averaged are first shifted to the positive
region of the domain by some factor such that all values
underneath the square root are positive. Once the geometric
average of the shifted values has been determined, the actual
geometric average is back calculated out by undoing the initial
shifting. A common use of this type of averaging is seen in
financial economics in determination of the average rate-of-
return (g) on an investment (Eq. 24). In this example, the shift
factor is taken to be 1 (or 100%) for all returns (r,) in a series
of investments.'” This equation can be generalized further by
allowing the shift factor for each return to be any constant (C),
such that the geometric mean then takes the form of Eq. 25

g=[J+r)-1 (24)

t

g=1/[J(c+r)-c (25)

t

Comparing Eqgs. 25 to 14, it can be seen that the f;
parameter of the activity model is essentially acting as a cor-
rection to the shift factor in the geometric mean. As such,
we can redefine Eqs. 14 to 26 below using a shifted geomet-
ric mean of the interaction potentials (e;) and using a new
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correction parameter o;; to replace the f3;; correction parame-
ter used by Talu and Zwiebel.

eii =/ (utei) (ute;) —win (26)

n= max{rrg/ax |e,-,<|,rr\1fax |ejj\} (27)

In this formulation, the variable p is the maximum abso-
lute value of the maximum of e; and e¢j; at any spreading
pressure (Eq. 27).

To stay consistent with the original SPD model, the cor-
rection parameters o; and oj; must be equivalent. However,
to fit within the GPAST system, there must be exactly two
adjustable parameters per binary pair.To satisfy these two
conditions, a simple mixing rule is adopted in which the lat-
eral interaction potentials, through the new correction param-
eters, depend on the mole fractions (x;) of the adsorbed
molecules relative to the other adsorbing molecule for that
particular binary pair as shown in Eqs. 28 and 29 below

oi = (1= 1) (L> i (28)

i Tx;
Xi
o = (n;—ny) <x,Tx]> +n; (29)

From this relationship, it can be shown that o; = o; for
any values of x; and x; and is therefore consistent with the
original SPD model and contains two adjustable parameters
(n;; and ;) per binary pair.

The MSPD model replaces Eq. 14 from the original SPD
model with Eqs. 26 through 29 outlined above. These mod-
ifications still maintain the overall significance and behav-
ior of the original SPD model, but allow it to fit within the
GPAST system by having exactly two adjustable parame-
ters. Additionally, much like the original SPD model, the
MSPD model maintains the three criteria shown in Egs. 7—
9 above, making it a thermodynamically consistent model.
When the MSPD model is combined with the GPAST sys-
tem and the original six equations from AST (Egs. 1-6), a
closed system of equations can be developed in which one
can predict the nonidealities and adsorbed amounts of an
N-component system under various conditions of pressure
and temperature.

Pure Component Isotherm Considerations

The final step to consider before solving the resulting sys-
tem of equations is the form of the pure component isotherm
model that appears in Eq. 6 of the AST system. This model
can technically take any form, as long as the pure adsorbed
amount (¢?) can be expressed as an explicit function of the
pure gas partial pressure (p¢). However, there are a few ther-
modynamic considerations to reflect on prior to choosing a
particular isotherm model.

One major criterion for the isotherm model is that it must
obey Henry’s law at low pressure. This is required not only
by the GPAST system (Egs. 15 and 16), but is also neces-
sary for the evaluation of the spreading pressure in AST (Eq.
1). The most common isotherm model that obeys this behav-
ior is the Langmuir isotherm (Eq. 30). However, this model
is somewhat limited in its ability to describe a wide variety
of pure gas adsorption data and is theoretically only applica-
ble to homogenous adsorbent surfaces. For the GPAST
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system, a more general isotherm model that can be applica-
ble to homogeneous and heterogeneous surfaces may be
more desirable

Kip}
1+Kp?

q = {max,i 30)

Llano-Restrepo and Mosquera'® discuss the derivation of a
generalized statistical thermodynamic adsorption (GSTA)
isotherm model, shown in Eq. 31, which is based on Hill’s
statistical equilibrium model.

o_qmaxz Z:Hl nl( /P0>n

= 31)
T K (P
AH?,  AS?,
Ink?, = — —2 4 —nd (32)
"= RT R

This model considers the adsorbed phase to be an ensem-
ble of subsystems that are all energetically distinct from
each other (i.e., surface sites of various energy characteris-
tics). The primary difference between the GSTA model and
Hill’s model is that there is a physically significant correla-
tion between the GSTA model and the Heterogeneous Lang-
muir model.'” In the GSTA model, the parameters of gpax;
and m; represent the theoretical maximum adsorption
capacity and number of energetically distinct adsorption
sites, respectively, and the K parameters are the dimension-
less equilibrium constants associated with each adsorption
site.'® These equilibrium constants are then related to tem-
perature (7), enthalpy (AH), and entropy (AS) through the
van’t Hoff expression in Eq. 32. Note that P’ is the standard
state pressure, typically taken to be 100 kPa.

The advantage of using this isotherm model is that it can
account for both surface homogeneity, as well as heterogene-
ity, depending on the surface characteristics of the particular
adsorbent. Under the condition that there is only one type of
adsorption site (m; = 1), this model reverts down to the
standard Langmuir model. Additionally, as this model has
many adjustable equilibrium parameters, it has the potential
to describe a wide variety of different pure species iso-
therms. Llano-Restrepo and Mosquera'® have also derived an
expression for the isosteric heat of adsorption (Eq. 33) as a
function of the loading (¢; = ¢?/gmax,) of the adsorbent,
which is needed for determining the interaction potentials
(e;;) of the MSPD model (Eq. 13).

S (mgm)K;, (7 /P7)" (—AHg,)

S (migi—n)nk, (pf /P?)"

0 = (33)

Application of GPAST with MSPD and GSTA

The culmination of the GPAST system together with the
MSPD activity model and GSTA isotherm creates a fully
closed, solvable, nonlinear system of equations for which
one can predict the nonideal adsorption behavior of a
mixed gas system containing any number of adsorbable
components. However, this system has become significantly
more involved than AST and will require a comprehensive
software code to handle these added complexities. The
code developed here performs a series of stepwise actions
to setup the system and solve for either the adsorbed phase
or gas phase composition of the mixed system depending
on what information it is initially supplied with. This soft-
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ware is referred to as the multicomponent adsorption gener-
alized procedure for isothermal equilibria or MAGPIE for
short.

Prior to the development and execution of MAGPIE, the
GPAST system can be simplified by forming an analytical
solution to the evaluation of the spreading pressure in Eq. 1.
To quantify this integral requires use of the isotherm expres-
sion, which in this case is the GSTA model (Eq. 31). The
analytical solution to this integral can be obtained by use of
a simple substitution technique, which results in the expres-
sion below in Eq. 34. Additionally, the values of the Henry’s
law constant (He;) for the GSTA isotherm can be formulated
as in Eq. 35, such that these limits do not need to be esti-
mated numerically in the software routines

) L (1+Z’"’ o (P /P")) (G4)

Hé‘,' _ qmax,zKu (35)
m,-P o

Before MAGPIE can evaluate the GPAST system of equa-
tions, each infinite dilution activity for each unique binary
pair of species in the overall system must be determined by
Eq. 16. This is accomplished by recognizing that the spread-
ing pressure of the system, under infinite dilution conditions,
is only being contributed to by the component whose
adsorbed mole fraction is unity (x; =1). Additionally, from
Eq. 7, the activity of that component must also be unity
(y;=1). Therefore, from Eq. 2, the reference state pressure
for that component (p7) is exactly equal to the partial pres-
sure of that component in the gas phase (Pry)).

Using that reference state pressure for the jth component,
MAGTPIE can solve directly for the spreading pressure at infinite
dilution (7;) using Eq. 34 and the reference amount adsorbed
(q ) with Eq. 31. Then, because the spreading pressure of the
system must be equivalent for all species in the mixture, MAG-
PIE solves for the reference state pressure of the ith component
at the jth spreading pressure, p?(m;), using Eq. 34. However, the
solution at this particular step requires a nonlinear, iterative
technique because the variables are not separable.

After these steps are completed, MAGPIE can directly cal-
culate the infinite dilution activities of the system for each
binary pair. That information is stored and used in the GPAST
system of equations to determine the interaction parameters
(n;; and #;;) of the MSPD model in a similar fashion to the
GPAST example shown in Eqgs. 17-22. However, for this par-
ticular application, the t,;; and t;; parameters from Eqgs. 17—22
would be replaced with their actual expressions in the MSPD
model, such that the parameters being solved for in this sys-
tem are the interaction parameters (1;; and 7). This step also
requires the use of a nonlinear, iterative solver.

After the interaction parameters (#;; and #;) of MSPD
have been calculated and stored, they can then be used to
solve the AST system (Egs. 1-6) without neglecting the
activity coefficients. Again, this step requires a nonlinear,
iterative technique. The solution to this final system of equa-
tions will yield the predicted adsorbed amounts for each
adsorbable species as well as the total amount being
adsorbed. Evaluation of the gradient of activity to spreading
pressure in Eq. 3 is performed numerically using a centered
difference approach for second-order accuracy (Eq. 36). An
analytical solution to this derivative cannot be formed
because the activity is an implicit function of spreading pres-
sure in the MSPD model.
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Many of the steps involved in solving this system require the
use of a nonlinear solver. To accommodate this need, MAGPIE
makes use of a small, standalone C library called Imfiz,'"® which
is used to solve nonlinear systems of equations using a Leven-
berg—Marquardt algorithm. This library has demonstrated
respectable convergence over a variety of test cases and is used
throughout MAGPIE for all nonlinear systems.

A Special Case of the MAGPIE Application

Because the MAGPIE application is the culmination of
the GPAST system with the GSTA isotherm and MSPD
activity model, there is a special circumstance under which
this application will revert down to the extended Langmuir
model for multicomponent adsorption. To demonstrate this,
consider a binary gas system composed of molecules A and
B, with the pure gas isotherms of both species being
described by the GSTA model. Additionally, if the isotherms
are homogenous in form (i.e., my = 1 and mp = 1), then the
GSTA model itself reverts to the standard Langmuir model
for both species (Eqs. 37 and 38).

o __ qmax,AKiA (pZ/PO)
B (/)

q() o qmax.BKiB (P?;/PO)
BT K] (3 /P)

(37)

(38)

By considering the equation for isosteric heat of adsorp-
tion (Eq. 33) derived for the GSTA isotherm, it can be
shown that, under the homogeneous case, this energy term is
equivalent to the enthalpy'® (Eq. 39). Therefore, for mole-
cules A and B, the isosteric heat Q' would not be changing
with the spreading pressure. That being the case, the lateral
interaction parameters (esp, €44, and epp) from MSPD will
all be zero, which in turn causes all the Boltzmann weight-
ing factors (t4p and 7p4) to become one. If all of these
weighting factors are always one, then the activity for each
adsorbing species will always be unity (y4 =1 and yz = 1).

O}l = (—AHY)) (39

Under these exact circumstances, the GPAST system will
revert down to IAST. In addition, as the GSTA isotherm for
molecules A and B both take the form of the Langmuir equa-
tion, the IAST system of equations can then be solved analyti-
cally, instead of numerically. The solution to IAST when all
isotherms obey the Langmuir model results in the standard
extended Langmuir model (Eq. 40). This conclusion could
also be obtained qualitatively by reasoning that the primary
assumption behind the extended Langmuir model is that the
different adsorbate molecules do not interact with each other,”*
which was determined in the MSPD model for this case by
having all the lateral interaction potentials (e;;) equal to zero.

qmaxﬁiKll),i(pi/PU)
qi = N (40)
S K (/)

Results and Comparison with IAST

To quantify the predictive capabilities of MAGPIE
requires use of actual multicomponent adsorption data, either
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obtained experimentally or found in literature. Two sets of
adsorption data available in literature will serve as test cases
for MAGPIE: (i) Talu and Zwiebel data for binary and ter-
nary mixtures of CO,, H,S, and C3Hg on an H-mordentite
adsorbent® and (ii) Ritter and Yang data for various mixtures
of CH4, CO,, CO, H,, and H,S on activated carbon.!® The
results of MAGPIE will then be compared against the results
of TAST for the same data sets. It is expected that MAGPIE
will show a significant improvement in predictive capabil-
ities over IAST.

To eliminate as much bias in the analysis as possible, both
MAGPIE and TAST will use the GSTA model for the pure
component isotherms. Therefore, the only differences in the
system of equations will be the activity model and the
GPAST procedure used to adjust that model to the infinite
dilution activities. After the GSTA model has been calibrated
to each set of single component data, the parameters of that
model can be used in the evaluation of both the MAGPIE
and IAST system.

The comparison between MAGPIE and IAST will be
examined by studying the differences in the distribution of
error between each numerical result and the actual data.
There are two predicted quantities to be compared from
MAGPIE and TAST: (i) the adsorbed mole fractions (x;) and
(ii) the total amount adsorbed (¢gt), of which there are 214
and 86 observations, respectively. Because the adsorbed
mole fractions are a bounded quantity (Eq. 4), the errors
associated with predicting those values will be determined as
an absolute difference (absolute error = predicted—actual).
However, the total amount adsorbed is unbounded, so its
error will be quantified in terms of a relative difference (rel-
ative error = [predicted—actual]/actual), which would be
analogous to a percent error in this quantity.

These errors are formulated such that a positive error rep-
resents an overestimate, while a negative error reflects an
underestimate. This allows us to show how the error is dis-
tributed and where any error bias may occur. However, these
error distributions would not capture total error, as any posi-
tive error could be offset by an equal negative error. There-
fore, we will also compare the average Euclidean errors
(Eavg) of both predicted quantities (x; and gr) for each
method (MAGPIE and IAST) by taking the square root of
the sum of the squares of the errors divided by the number
of observations made (M).

1 M .
Ewe =+ \/ Zi:l (predicted, —actual;)” (41)

Results for the errors in adsorbed mole fractions can be
seen in the histogram on Figure 1. The size of each bin in
the histogram is 0.05 in absolute error and each bin is named
after its median error for that bin (i.e., bin 0.025 ranges from
0 to 0.05 in absolute error). At a glance, it can be seen from
this figure that MAGPIE has a relatively standard distribu-
tion of error, but IAST appears to have two-outer peaks at
bins —0.175 and 0.175. These particular error bins are being
filled mostly from IAST errors associated with predicting the
Talu and Zwiebel data, but cannot be pinpointed to any par-
ticular mixture or species.

Additionally, both MAGPIE and IAST errors follow
roughly a normal-type distribution centered near zero error.
However, MAGPIE appears to have a greater number of
results occurring closer to zero than IAST. Note that in
reality neither MAGPIE nor IAST can have a normal

DOI 10.1002/aic 2605



20
® MAGPIE
70
" |AST
60
8 50
13
c
e
g 40
o
-
o
= 30 -
20
10
0 — |
N " wum wu;m wum uwun w;n ;oo ownown N wn
N o s S e sS e SANS S
m MmN N o3 o9 9 9 9 oo o o mm
935 FFggodcoddco o

Absolute Error Observed in x;

Figure 1. Error distribution histogram for the absolute
errors observed in the adsorbed mole frac-
tions predicted from both MAGPIE and IAST.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

distribution of absolute error for this observation because
it is a bounded observation wherein the maximum errors
are = 1. A real normal distribution is an unbounded observa-
tion, so we are idealizing the error distribution of MAGPIE
and TAST as a normal distribution to more easily study the
error quantitatively.

For the total adsorbed amounts (Figure 2), the distribution
is much wider spread. Here, the bin sizes are 0.05 in relative
error and each bin is again named after its median error.
Immediately apparent is what appears to be a large outlying
peak for MAGPIE errors in bin 0.125. Nearly all (8 out of
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Figure 2. Error distribution histogram for the relative
errors observed in the adsorbed totals pre-
dicted from both MAGPIE and IAST.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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11) of these error observations come from a single mixture in
the Talu and Zwiebel data set: CO, and H,S on H-mordenite.
Both CO, and H,S show very high affinity toward H-
mordenite, from their single component isotherms, and are
highly polar molecules,® which may contribute to the overesti-
mations in the adsorption capacities for this mixture.

Looking at Figure 2 it is difficult to determine precisely
which methodology has produced better results. Unlike the
fairly standard distributions of error observed from Figure 1,
Figure 2 appears to be more irregular in shape with little
peaks and valleys moving from left to right, especially for
IAST. However, overall the general trends observed do cre-
ate the bell shaped curve we expect to see for distributions
of random variables. To precisely determine which method
has resulted in a better distribution of error, a more quantita-
tive analysis will be necessary, but it can at least be seen
from this figure that both MAGPIE and IAST show a slight
negative bias in the errors. This means that both methods, on
average, have predicted adsorbed amounts lower than the
actual measured data.

To compare the performance between MAGPIE and
IAST, a statistical analysis is performed on the error distri-
butions from Figures 1 and 2. For this analysis, we will
idealize these actual error distributions as normal distribu-
tions and quantify properties such as average values and
standard deviations, which can be used to plot probability
density functions associated with each error histogram. Each
histogram is first normalized using the observations of each
bin and the total number of observations such that the total
area underneath each corresponding probability density func-
tion will be 1. Then, from those normalized curves, we
approximated the average values and standard deviations of
each distribution of observations. It is desired that MAGPIE
show reduction in both the average error bias and error
standard deviation for both predicted quantities.

Table 1 summarizes the results of this analysis. For the
errors in adsorbed mole fractions, MAGPIE showed no
improvement in the average error bias. However, both MAG-
PIE and IAST had almost no error bias in this quantity,
which is primarily attributed to the bounding of the mole
fractions (Eq. 4). Due to this bounding, any negative error in
adsorbed amount x; would be offset by an equal positive
error in x;, such that the sum of all mole fractions equals
one. As such, there is not expected to be any error bias in
this average quantity to begin with.

In all other regards, Tablel demonstrations that MAGPIE
results show dramatic improvement over IAST. There was a
36% reduction in the standard deviation of the absolute error
in the adsorbed mole fractions, meaning that the MAGPIE
predictions of this quantity are grouped more closely around
the actual data than IAST results. Additionally, MAGPIE
shows a near 28% reduction in the average Euclidean error
of the mole fractions, which indicates that the magnitude of

Table 1. Summary of the Statistical Analysis of the Error

MAGPIE IAST Improvement (%)

Absolute error of mole fractions

Average 0.001 0.001 0.00

Standard deviation 0.062 0.097 —36.14

E,ys (Eq. 41) 5.76E-3 7.98E-3 —27.87
Relative error of adsorbed totals

Average —0.048 —0.092 —48.43

Standard deviation 0.114 0.139 —-17.72

E,ys (Eq. 41) 0.050 0.053 —5.26

August 2015 Vol. 61, No. 8 AIChE Journal


http://wileyonlinelibrary.com
http://wileyonlinelibrary.com

6 ——MAGPIE

== JAST

Observational Frequency

-0.3 -0.2 -0.1 0 0.1 0.2 0.3

Absolute Error Observed in x;

Figure 3. Idealized normal probability density functions
for the absolute error in the adsorbed mole
fractions generated from the averages and
standard deviations of Table 1 that were
based on the statistical analysis of the error
histograms from Figure 1.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]

the errors observed from MAGPIE were on average 28%
smaller than those observed for IAST.

For the adsorbed totals, both IAST and MAGPIE still
showed a tendency to underestimate adsorption, as indicated
by the negative values for average error, but MAGPIE
showed a resounding 48% reduction in that negative error
basis. This means that, on average, MAGPIE results were
significantly closer to the real adsorption totals compared
with the IAST results. However, the standard deviations of
these errors were relatively similar, 0.114 for MAGPIE com-
pared with 0.139 for TAST, which resulted in the average
Euclidean errors being very similar, 0.050 for MAGPIE
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Figure 4. Idealized normal probability density functions
for the relative error in the adsorbed totals
generated from the averages and standard
deviations of Table 1 that were based on the
statistical analysis of the error histograms
from Figure 2.

[Color figure can be viewed in the online issue, which is
available at wileyonlinelibrary.com.]
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compared with 0.053 for IAST. In both cases, MAGPIE did
yield better results, but the gains were marginal, roughly
18% improvement in standard deviations and only a 5%
improvement in average Euclidean error.

To visualize this information, the average and standard
deviations from Table 1 are used to plot probability density
functions for each distribution of error in Figures 3 and 4.
These plots show the dramatic difference in the idealized
error distributions between MAGPIE and IAST. In both fig-
ures, MAGPIE error is grouped more tightly around the
average as a result of the reduction in the standard deviation
for both distributions. For Figure 4, MAGPIE also shows a
shift in the average error toward zero error, which demon-
strates a reduction in the negative bias of the adsorbed totals
found in IAST. These results demonstrate that MAGPIE
results have dramatically improved over the results of IAST
for the same data set.

Discussion

The actual MAGPIE results and literature data are
plotted in Figures 5 and 6 for the adsorbed mole fractions and
in Figures 7 and 8 for the adsorption totals. In these plots, the
solid lines represent the equivalence line at which the result
from the MAGPIE simulation (y axis) is exactly equal to the
measured value recorded in literature (x axis). The dashed
lines show the boundaries, determined by the statistical analy-
sis, in which 95% of all points lay between (i.e., = twice the
standard deviations). Note that the dashed lines for Figures 5
and 6 are parallel while the dashed lines fan outward for Fig-
ures 7 and 8. This is because the error distribution analyzed
for the adsorbed mole fractions was done in terms of an abso-
lute error (Figure 1), but the error distribution for adsorption
totals was performed on the relative error (Figure 2).
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Figure 5. MAGPIE results vs. the Talu and Zwiebel®
reported adsorbed mole fractions.

Solid line represents the equivalence line between model
and data, while the dashed lines show the 95% confi-
dence intervals based on the statistical analysis. The dif-
ferent mixtures each has its own symbol and is labeled
by which species is being observed, followed by the
other species involved in the mixture in parentheses.
Different colors are also used to denote which species is
being observed (i.e., red = CO,, green = H,S, and pur-
ple = C3Hg). [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]
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Figure 6. MAGPIE results vs. the Ritter and Yang'® reported adsorbed mole fractions.
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Solid line represents the equivalence line between model and data, while the dashed lines show the 95% confidence intervals based
on the statistical analysis. The different mixtures each has its own symbol and is labeled by which species is being observed, fol-
lowed by the other species involved in the mixture in parentheses. Different colors are also used to denote which species is being
observed (i.e., red = CHy, green = CO, purple = CO,, blue = H,, and black = H,S). [Color figure can be viewed in the online issue,
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The results shown in Figures 5 and 6 generally show very
good agreement with the observations made by Talu and
Zwiebel® and Ritter and Yang.l'9 However, there are some
notable outliers in both sets of results. For instance, in Fig-
ure 5 it can be seen that MAGPIE has consistently overesti-
mated the CO, adsorbed mole fractions (red diamonds) and
underestimated the H,S mole fractions (green diamonds) for
the binary mixtures. This may be caused by the highly polar
nature of these two species, which is a factor that the activ-
ity model does not take into account. Also in Figure 5, for
the ternary mixtures of CO,, H,S, and C;Hg, the mole frac-
tions of H,S (green squares) are very close to the equivalent
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Figure 7. MAGPIE results vs. the Talu and Zwiebel®
reported adsorbed totals.

Solid line represents the equivalence line between model
and data, while the dashed lines show the 95% confi-
dence intervals based on the statistical analysis. Each
symbol denotes a different mixture and those same sym-
bols correspond to the mixtures in Figure 5. Colors
identify whether the mixture is binary, ternary, and so
forth. (i.e., red =ternary and green = binary). [Color
figure can be viewed in the online issue, which is avail-
able at wileyonlinelibrary.com.]
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line, while CO, (red squares) is consistently overestimated
and C;Hg (purple squares) consistently underestimated. This
is most likely a result of the relative adsorption strengths of
CO, and C3Hg. CO; has a much higher affinity to adsorb to
the H-mordenite than the C3Hg3 and therefore would be
expected to show a larger mole fraction than Cs;Hg in the
adsorbed phase.

Figure 6 showed fewer outliers than Figure 5, but still had
some points and species that were consistently outside of the
expected values. Most notable of those species was H,S (all
black shapes), whose mole fractions were underestimated by
MAGPIE for nearly all mixtures and experiments. It is unclear
as to why this is compared with what was seen in Figure 5,
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Figure 8. MAGPIE results vs. the Ritter and Yang'®
reported adsorbed totals.

Solid line represents the equivalence line between model
and data, while the dashed lines show the 95% confidence
intervals based on the statistical analysis. Each symbol
denotes a different mixture and those same symbols cor-
respond to the mixtures in Figure 6. Colors identify
whether the mixture is binary, ternary, and so forth. (i.e.,
purple = quinary, blue = quaternary, red = ternary, and
green = binary). [Color figure can be viewed in the online
issue, which is available at wileyonlinelibrary.com.]
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because the mixtures for the Ritter and Yang'’ data are much
more varied. However, many of those mixtures do involve
other polar components (CO and CO,), which themselves are
usually being overestimated (green triangles and purple
dashes). Based on the consistency of these observations, an
improvement to MAGPIE could be made by including factors
for polarization of species in the activity model.

Figures 7 and 8 also generally show good agreement with
the adsorption totals observed from the Talu and Zwiebel®
and Ritter and Yang19 data sets. However, both sets of
results show a negative bias, or a tendency for MAGPIE to
underestimate the adsorption. This observation is especially
true in the case of the Talu and Zwiebel® data set (Figure 7),
which shows a negative bias for all mixtures except the CO,
and H,S mixtures. For that particular mixture, MAGPIE con-
sistently overestimates the adsorption capacities by roughly
10%. This is the same mixture that caused the overestima-
tions and underestimations in the adsorbed mole fractions of
Figure 5 so it is likely that these overestimations could also
be attributed to the polarity of CO, and H,S. The other mix-
tures from Figure 7 show a negative bias, which could be
attributed to the low affinity of adsorption for C3;Hg on H-
mordenite,” as all other mixtures involve this species.

The adsorption capacity results in Figure 8 for the Ritter
and Yang'’ data show much better agreement than the
results for the Talu and Zwiebel® data. In fact, MAGPIE
shows almost no negative bias for these data sets as the
majority of results are spread nearly equally around the
equivalence line. The exceptions would be the quaternary
mixture (blue diamonds) and the CO, and H,S binary mix-
ture (green dashes), which both show a consistent negative
bias in the results. Each of these mixtures also contain all, or
a majority, of polar species in the adsorbed phase.

Conclusions

The results from the above analysis indicate that MAGPIE
has demonstrated a significant improvement in predictive
capabilities over IAST for the data sample given. However, it
is important to note that MAGPIE is only a single application
of GPAST and these results may have been different if another
isotherm or activity model were used in place of the GSTA
and MSPD models. Recall that GPAST itself only requires
that the isotherm abide by Henry’s law (Eq. 15) and that the
activity model obey a set of thermodynamic criteria (Egs.
7—9) while containing two-adjustable parameters per binary
pair, which are to be determined by the GPAST procedure.
This means that it is possible to use any other isotherm or
activity model that is found to be applicable, making GPAST
a very generalized and flexible technique. It is this tremendous
flexibility that makes GPAST such a powerful analytical tool
for multicomponent adsorption equilibria.

Additionally, unlike its predecessor PRAST, GPAST is not
limited to analyzing only binary adsorption systems. As was
demonstrated with the Talu and Zwiebel® and Ritter and
Yang19 literature data, GPAST can be used to model and pre-
dict binary, ternary, quaternary, quinary, and larger adsorption
systems. The generalization of the PRAST to GPAST is per-
formed in a combinatorial and serial fashion, such that it can
apply to any number of adsorbable components in a mixture,
thus, further adding to the flexibility of GPAST.

Another advantage of GPAST is that this procedure does
not require any calibration with binary adsorption data. It is
a fully predictive model in which solutions to the adsorbed
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phase are determined by using only the adsorption behavior
of each individual species in the mixture. The predictions
being made are also fully reversible as the system of equa-
tions is deterministic. Therefore, when given a specific gas
phase composition A, the adsorbed phase solution will be B,
and if given a specific adsorbed phase composition B, the
gas phase solution will be A.

Due to the apparent flexibility of GPAST, it would be
very simple to further extend on this procedure to produce
new applications simply by adding, removing, or changing
the isotherm and activity models. MAGPIE was only one
example of an application built on the GPAST procedure.
With dozens of different isotherm and activity models avail-
able in literature, there are potentially hundreds of different
applications of GPAST that could be developed and utilized
for predicting thousands of different adsorption systems.

Notation

= specific surface area of adsorbent, m*/kg
C = shift factor in the geometric mean
e = lateral interaction potential, J/mol
average Euclidean errors of predictions
variable f as a function of variable x
geometric mean of a sample
Henry’s law constant, mol/kg/kPa
equilibrium constant, 1/kPa
dimensionless equilibrium constant
number of energetically distinct adsorption sites in GSTA
number of observations or data points
number of adsorbable species in a mixture
mathematical error term or truncation error
partial or reference state pressure, kPa
total or standard state pressure, kPa
adsorbed amount, mol/kg
isosteric heat of adsorption, J/mol
ideal gas law constant, J/K/mol
return on investment
molecular shape factor
sample size for the geometric mean
van der Waals volume of a molecule, cm>/mol
adsorbed mole fraction
gas phase mole fraction
coordination number of adsorbed phase lattice

S O ZE I Ax T

Q
29

Ne == NL X

Greek letters

o = lateral interaction potential correction parameter of MSPD
f = geometric mean correction parameter of SPD

7 = activity coefficient of the adsorbed phase

enthalpy of adsorption, J/mol

AS = entropy of adsorption, J/K/mol
n = binary interaction parameter of MSPD
0 = external contact fraction of molecules in adsorbed phase
1= maximum lateral interaction potential, J/mol

IT = lumped spreading pressure term, mol/kg

7= spreading pressure of adsorbed phase, J/m?
7 = Boltzmann weighting factor
¢ = fractional adsorption loading

Sub/superscripts

oo = infinite dilution
i,j,k = indices for adsorbable species
max = maximum adsorption capacity
n = index of adsorption site
o = standard or reference state
T = total amount of some value
t = index of investment returns

Abbreviations

AST = adsorbed solution theory
GPAST = generalized predictive adsorbed solution theory
GSTA = generalized statistical thermodynamic adsorption
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IAST = ideal adsorbed solution theory

MAGPIE = multicomponent adsorption generalized procedure for iso-

thermal equilibria
MSPD = modified spreading pressure dependent

PRAST = predictive real adsorbed solution theory

SPD = spreading pressure dependent
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